Harmonic total Chern forms and stability by Futaki, Akito
ar
X
iv
:m
at
h/
06
03
70
6v
2 
 [m
ath
.D
G]
  2
7 J
un
 20
06
HARMONIC TOTAL CHERN FORMS AND STABILITY
AKITO FUTAKI
Abstract. In this paper we will perturb the scalar curvature of compact
Ka¨hler manifolds by incorporating it with higher Chern forms, and then show
that the perturbed scalar curvature has many common properties with the
unperturbed scalar curvature. In particular the perturbed scalar curvature
becomes a moment map, with respect to a perturbed symplectic structure,
on the space of all complex structures on a fixed symplectic manifold, which
extends the results of Donaldson and Fujiki on the unperturbed case.
1. Introduction
Many works have been done on the relationship between the existence of constant
scalar curvature Ka¨hler metrics and stability in the sense of geometric invariant the-
ory. A way of seeing this relationship is through the moment map picture of an
infinite dimensional set up as done by Donaldson [7] and Fujiki [9]. They showed
that the set of all Ka¨hler metrics with constant scalar curvature becomes the zero
set of the moment map for the action of the group of Hamiltonian symplectomor-
phisms on the space of all compatible complex structures on a fixed symplectic
manifold. Recall that for a Hamiltonian action of a compact Lie group K on a
compact Ka¨hler manifold, having a zero of the moment map along an orbit of the
complexified group Kc-action is equivalent to the stability of the orbit of the reduc-
tive group Kc (c.f. [8], section 6.5). Applying this fact in finite dimensions to the
infinite dimensional space of all compatible complex structures we see a relation-
ship between the existence of constant scalar curvature Ka¨hler metrics and infinite
dimensional symplectic-GIT stability.
The purpose of this paper is to perturb the scalar curvature by incorporating
it with higher Chern classes, and show that the perturbed scalar curvature shares
many common properties with the unperturbed scalar curvature. Especially the
set of all Ka¨hler metrics with constant perturbed scalar curvature is the zero set of
the moment map with respect to a perturbed symplectic form on the space of all
compatible complex structures on a fixed symplectic manifold. This extends the
earlier results of Donaldson and Fujiki in the unperturbed case.
Let M be a compact symplectic manifold with a fixed symplectic form ω and of
dimension 2m. Let J be the set of all ω-compatible integrable complex structures.
Then for each J ∈ J , (M,ω, J) becomes a Ka¨hler manifold. For a pair (J, t) of a
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complex structure J and a small real number t, define a smooth function S(J, t) on
M by
(1)
S(J, t)
2mπ
ωm = c1(J) ∧ ωm−1 + tc2(J) ∧ ωm−2 + · · ·+ tm−1cm(J)
where ci(J) is the i-th Chern form with respect to the Ka¨hler structure (ω, J) on
M , i.e. they are defined by
(2) det(I +
i
2π
tΘ) = 1 + tc1(J) + · · ·+ tmcm(J),
Θ being the curvature matrix of the Levi-Civita connection. Note that S(J, 0) is
equal to the trace of the Ricci curvature gijRij which is one half of the Riemannian
scalar curvature. But since S(J, 0) more often appears in the computations in
Ka¨hler geometry than the Riemannian scalar curvature does, we will call S(J, 0) the
scalar curvature in this paper. We also call S(J, t) the perturbed scalar curvature.
As mentioned above the main result of this paper is to show that the perturbed
scalar curvature becomes a moment map on J with respect to some symplectic
structure (Theorem 2.2 in the next section).
This paper is organized as follows. In section 2, we will prove Theorem 2.2. We
will give two proofs along the lines of [7] and [21]. In section 3, we study the analogy
to extremal Ka¨hler metrics in our perturbed case. We will see that the perturbed
extremal Ka¨hler metrics are critical points of the functional on J given by the
squared L2-norm of the perturbed scalar curvature but not critical points of the
functional on the space of Ka¨hler forms given by the same integral. In section 4 we
will recall Bando’s result [1] on the obstructions to the existence of Ka¨hler metrics
with harmonic higher Chern classes and study the relevant Mabuchi functional in
the perturbed case. In section 5, we will give a deformation theory of extremal
Ka¨hler metrics to the perturbed extremal Ka¨hler metrics extending earlier results
of LeBrun and Simanca [18], [19].
2. Perturbed symplectic structure on the space of complex
structures
Let (M,ω) be a compact symplectic manifold of dimension 2m and J the space
of all ω-compatible complex structures on M . This means that J ∈ J if and only
if ω(JX, JY ) = ω(X,Y ) for all vector fields X and Y , and ω(X, JX) > 0 for
all non-zero X . For later purposes it is convenient to assume that J acts on the
cotangent bundle rather than the tangent bundle. Fixing J ∈ J , we decompose
the complexified cotangent bundle into holomorphic and anti-holomorphic parts,
i.e. ±√−1-eigenspaces of J :
(3) T ∗M ⊗ C = T ∗′J M ⊕ T ∗′′J M, T ∗′′J M = T ∗′J M.
Taking arbitrary J ′ ∈ J we also have the decomposition with respect to J ′
(4) T ∗M ⊗ C = T ∗′J′M ⊕ T ∗′′J′ M, T ∗′′J′ M = T ∗′J′M.
If J ′ is sufficiently close to J then T ∗′J′M can be expressed as a graph over T
∗′
J M as
(5) T ∗′J′M = { α+ µ(α) | α ∈ T ∗′J M }
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for some endomorphism µ of T ∗′J M into T
∗′′
J M :
µ ∈ Γ(End(T ∗′J M,T ∗′′J M))
∼= Γ(T ′JM ⊗ T ∗′′J M) ∼= Γ(T ′JM ⊗ T ′JM)(6)
where in the last identification we used the Ka¨hler metric defined by the pair (ω, J).
This can be expressed in the notation of tensor calculus with indices as
µik 7→ gjkµik =: µij
where we chose a local holomorphic coordinate system (z1, · · · , zm) and wrote ω as
ω =
√−1 gijdzi ∧ dzj .
Lemma 2.1. With the above identification understood, µ lies in the symmetric part
Γ(Sym(T ′JM ⊗ T ′JM)) of Γ(T ′JM ⊗ T ′JM).
Proof. The symplectic form ω gives a natural identification between the tangent
bundle and the cotangent bundle. This identification then gives a natural symplec-
tic structure on the cotangent bundle, which we denote by ω−1. If ω is J-invariant,
then ω−1 is also J-invariant. For the complex structure J , ω−1 is expressed in
terms of the Ka¨hler metric of the Ka¨hler structure (ω, J) as
ω−1 = −√−1 gij ∂
∂zi
∧ ∂
∂zj
,
where we used the local expression of ω as above. Since ω−1 is J-invariant and any
1-forms α and β in T ∗′J M are eigenvectors of J belonging to
√−1, we have
ω−1(α, β) = 0.
Similarly we have
ω−1(µα, µβ) = 0
and, since ω−1 is also J ′-invariant, we also have
ω−1(α + µα, β + µβ) = 0.
Thus we obtain
(7) ω−1(α, µβ) = ω−1(β, µα)
which implies that µ ∈ Γ(T ′JM⊗T ′JM) is symmetric because in the local expression,
(8) µjiαiβj = µ
ijαiβj ,
as desired. 
Considered infinitesimally, the tangent space TJJ to J at J is a subspace of
Sym(T ′JM ⊗ T ′JM).
Then the L2-inner product on Sym(T ′JM ⊗ T ′JM) gives J a Ka¨hler structure.
But we perturb this Ka¨hler structure in the following way. Let t be a small real
number. For µ and ν in the tangent space TJJ , we define
(9) (ν, µ)t =
∫
M
mcm(νjk µ
i
ℓ
√−1
2π
dzk∧dzℓ, ω⊗I+
√−1
2π
tΘ, · · · , ω⊗I+
√−1
2π
tΘ)
where cm is the polarization of the determinant viewed as a GL(m,C)-invariant
polynomial, i.e. cm(A1, · · · , Am) is the coefficient ofm! t1 · · · tm in det(t1A1+ · · ·+
tmAm), where I denotes the identity matrix and Θ = ∂(g
−1∂g) is the curvature
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form of the Levi-Civita connection, and where ujkµ
i
l¯
should be understood as the
endomorphism of T ′JM which sends ∂/∂z
j to ujkµ
i
l¯
∂/∂zi.
Note that
cm(A, · · · , A) = detA.
This is similar to the wedge product
α1 ∧ · · · ∧ αm
for the type (1, 1)-forms α1, · · · , αm. For we have
α ∧ · · · ∧ α = det(aij)dz1 ∧ dz1 ∧ · · · ∧ dzm ∧ dzm
when α =
∑
aijdz
i∧dzj . Therefore there is a symmetry between the endomorphism
part and the form part in the integration of (9). This symmetry will be used in
this work and was used in the work of Bando [1] quoted in the next section.
When t = 0, (·, ·)t gives the standard L2-inner product which is anti-linear in the
first factor ν and linear in the second factor µ. If the real number t is sufficiently
small, (·, ·)t is still positive definite.
Let G be the group of all Hamiltonian symplectomorphisms of (M,ω). The Lie
algebra of G is isomorphic to the Poison algebra C∞0 (M) of all smooth functions
on M with average 0:
C∞0 (M) = { u ∈ C∞(M) |
∫
M
u ωm = 0}.
G acts on J as holomorphic isometries.
Theorem 2.2. For each fixed small real number t, S(J, t)/2mπ gives an equi-
variant moment map on J if we consider S(J, t)/2mπ as an element of the dual
space of C∞0 (M) by the pairing
<
S(J, t)
2mπ
, u >=
∫
M
u
S(J, t)
2mπ
ωm.
The case t = 0 is due to Donaldson ([7]) and Fujiki ([9]), and a mildly different
proof in this case was also given in Tian’s book [21].
To prove the theorem, let us consider two operators
P : C∞0 → TJJ ,
Q : TJJ → C∞0 (M),
where P represents the infinitesimal action of the Lie algebra C∞0 on J via Hamil-
tonian action and Q represents the derivative of the map which associates to J ∈ J
the perturbed scalar curvature 12mπS(J, t) of the Ka¨hler manifold (M,ω, J). We
need to show
ℜ(P (u),√−1µ)t =< Q(µ), u >
To compute P (u), we have only to compute LXJ for a smooth vector field X .
Lemma 2.3. For a smooth vector field X = X ′ +X ′′ we have
LXJ = 2
√−1∇′′JX ′ − 2
√−1∇′JX ′′.
In particular, if Xu is the Hamiltonian vector field of u,
P (u) = 2
√−1∇′′JX ′u.
4
Proof. Since (LXJ)α = LX(Jα) − JLXα, if α is a type (1, 0)-form,
(10) (LXJ)α =
√−1(LXα− (LXα)1,0 + (LXα)0,1) = 2
√−1(LXα)0,1.
On the other hand
(11) LXα = d(α(X
′)) + i(X)(∂Jα+ ∂Jα).
Thus
(12) (LXα)
0,1 = ∂J (α(X
′)) + i(X ′)∂Jα.
But
∂J (α(X
′)) = ∇′′J (α(X ′))
= (∇′′Jα)(X ′) + α(∇′′JX ′) = (∂Jα)(X ′) + α(∇′′JX ′).
This implies
(13) ∂J(α(X
′)) + i(X ′)(∂Jα) = α(∇′′JX ′)
From (10), (12) and (13) we get
(14) (LXJ)α = α(2
√−1 ∇′′JX ′).
Similarly, if α is a (0, 1)-form, then
(15) (LXJ)α = α(−2
√−1 ∇′JX ′′).
From (14) and (15) we get the lemma. This completes the proof. 
From this lemma we get for the real function u
ℜ(P (u),√−1µ)t = 2ℜ(∇′′JX ′u, µ)t(16)
= 2ℜ
∫
M
mcm(ujk µ
i
ℓ
√−1
2π
dzk ∧ dzℓ, ω ⊗ I +
√−1
2π
tΘ, · · · , ω ⊗ I +
√−1
2π
tΘ).
Next we need to compute Q. We will do this in two ways along the lines of [7]
and [21]. First we follow the arguments of [7] just word for word.
If identify T ∗′J′M with T
∗′
J M through α + µα 7→ α, this identification induces
identifications of differential forms with all degrees, which we denote by ι : Ωp,qJ′ →
Ωp,qJ .
Lemma 2.4. With the above identification we have the following.
(a) If a 1-form γ = α + β ∈ T ∗′J M ⊕ T ∗′′J M is written also as γ = α′ + µα′ +
β′ + µβ′ ∈ T ∗′J′M ⊕ T ∗′′J′ M then
β′ = β − µα
up to first order in µ. Namely
ι(β′ + µβ′) = β − µα
up to first order in µ.
(b) If a fixed 2-form χ = χ2,0 + χ1,1 + χ0,2 ∈ Ω2,0J ⊕ Ω1,1J ⊕ Ω0,2J has χ′1,1 as a
(1, 1)-component with respect to J ′, then
ι(χ′1,1) = χ1,1 − µχ2,0 − µχ0,2
up to first order in µ, where we extended the operation of µ to higher degree
tensors in the obvious way.
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Hereafter we use the notation ≡ to mean ”up to first order in µ”.
Proof. (a) From α′ = α− µβ′ we see
β′ = β − µα′ = β − µ(α− µβ′) ≡ β − µα.
(b) If a fixed 2-form is written also as χ = (1 + µ)α1 ∧ (1 + µ)α2 + (1 + µ)α3 ∧
(1 + µ)β1 + (1 + µ)β2 ∧ (1 + µ)β3 ∈ Ω2,0J′ ⊕Ω1,1J′ ⊕Ω0,2J′ , then a similar computation
as in the proof of (a) shows
α3 ∧ β1 ≡ χ1,1 − α1 ∧ µα2 − µα1 ∧ α2 − µβ1 ∧ β2 − β1 ∧ µβ2
≡ χ1,1 − µχ2,0 − µχ0,2.
This completes the proof. 
Corollary 2.5. Let E → M be a vector bundle. If ∇ is a fixed connection of E
and ∇ = ∇′J+∇′′J with respect to the complex structure J , then by the identification
above ∇′′J′ is identified with ∇′′J − µ∇′J up to first order in µ.
Proof of Theorem 2.2 The identification ι : T ∗′J′M → T ∗′J M is a Hermitian isometry
up to first order in µ, and we can consider the Levi-Civita connections ∇J and ∇J′
as two unitary connections on the same bundle. If J is fixed and ∇′′ is varied by
σ ∈ Ω0,1(End(T ′M)) then the connection changes by σ − σ∗. On the other hand,
if a connection ∇ = ∇′J +∇′′J is fixed and J varies to J ′ by µ, then the new ∇′′J′ is
identified with ∇′′J − µ∇′J up to first order in µ by Corollary 2.5.
Now we compute ∇′′J′ for a 1-form α of T ∗′J M , which is strictly speaking equal
to ι ◦ ∇′′J′ ◦ ι−1(α). But ∇′′J′ ◦ ι−1(α) is Ω0,1J′ -part of d(α + µα) up to first order in
µ. From this and Lemma 2.4, (b), we get
(17) ∇′′J′α ≡ ∇′′Jα+∇′J (µα)− µ(∇′Jα).
On T ∗′J M ⊗ T ∗′J M , µ acts as a derivation. To make the notations clear we will
denote by µ1 (resp. µ2) the action of µ on the first (resp. second) factor. So, on
T ∗′J M ⊗ T ∗′J M , we have µ = µ1 ⊗ 1 + 1 ⊗ µ2. With these notations the right hand
side of (17) is equal to
∇′′Jα+ µ2∇′Jα+ (∇′Jµ)α− µ(∇′α) ≡ ∇′′Jα− µ1∇′Jα+ (∇′Jµ)α(18)
≡ (∇′′J − µ∇′J)α+ (∇′Jµ)α.
By Corollary 2.5, ∇′′J − µ∇′J is the expression under our identification of J ′-
(0, 1)-component of a fixed connection ∇J . Thus the variation of the Levi-Civita
connection is σ − σ∗ where σ = ∇′Jµ. Notice that σ must be a (0, 1)-form with
values in End(T ′JM). So, in local expressions
∇′Jµ = (∇jµiℓdzℓ)
with i column index, j row index. Since it is convenient to distinguish the covariant
derivative as the endomorphism part from the covariant exterior derivative as the
form part, we shall write∇J to denote the covariant derivative as the endomorphism
part and d∇J to denote the covariant exterior derivative as the form part. Thus,
under the variation δJ = µ of the complex structure, the variation δΘ of the
curvature matrix Θ is
δΘ = d∇J (σ − σ∗).
Its (1, 1)-part is
(δΘ)1,1 = d∇
′
J (∇′Jµ)− (d∇
′
J (∇′Jµ))∗.
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Since the exterior covariant derivative d∇J (ω ⊗ I +
√−1
2π tΘ) of ω ⊗ I +
√−1
2π tΘ
vanishes, we have
δ
∫
M
u
S(J, t)
2mπ
ωm
= 2ℜ
∫
M
u mcm(
√−1
2π
d∇
′
J (∇′Jµ), ω ⊗ I +
√−1
2π
tΘ, · · · , ω ⊗ I +
√−1
2π
tΘ)
= −2ℜ
∫
M
mcm(
√−1
2π
d∇
′′
Ju ∧ ∇′Jµ, ω ⊗ I +
√−1
2π
tΘ, · · · , ω ⊗ I +
√−1
2π
tΘ)
Now the invariant polynomial cm takes determinant for the endomorphism part,
and therefore we may interchange the roles of the form part and the endomorphism
part in the integration above. Thus by the vanishing of d∇J (ω⊗I +
√−1
2π tΘ) again
we can use integration by parts for the covariant derivative of the endomorphism
part. Hence we have
δ
∫
M
u
S(J, t)
2mπ
ωm = 2ℜ
∫
M
mcm(
√−1
2π
∇′′Jd∇
′′
Ju∧µ, ω⊗I+
√−1
2π
tΘ, · · · , ω⊗I+
√−1
2π
tΘ).
where the term
√−1
2π ∇′′Jd∇
′′
Ju ∧ µ is expressed in local coordinates
√−1
2π
ukjdz
k ∧ µiℓdzℓ,
where ukj = ∇j∇ku. This coincides with (16), completing the proof of Theorem
2.2.
Alternate proof of Theorem 2.2 We only need to show that < Q(µ), u > is equal
to (16). To compute Q we take a local coordinates (x1, · · · , x2m) with respect to
which ω is the standard symplectic form on R2m, by using Darboux’s theorem. Let
Jt be a family of complex structures with J0 = J . Then we have
J˙ |t=0 = 2
√−1µ− 2√−1µ.
This follows because, by taking the derivative of
Jt(α+ µ(t)α) =
√−1(α+ µ(t)α)
with µ˙(0) = µ, we have
J˙(α) = 2
√−1µ.
Let gt = ωJt be the Riemannian metric induced by Jt. Then the Christoffel symbols
of gt are written as
Γit,jk =
1
2
giℓt
(
∂gt,ℓj
∂xk
+
∂gt,ℓk
∂xj
− ∂gt,jk
∂xℓ
)
.
At p ∈M we may assume that gij(p) = δij , dgij(p) = 0, and
J(p) =
(
O −I
I O
)
where g = g0. Then Γ
i
t,jk is of order t, and
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Rt,ijkℓ = gt(∇ ∂
∂xi
∇ ∂
∂xj
∂
∂xℓ
−∇ ∂
∂xj
∇ ∂
∂xi
∂
∂xℓ
,
∂
∂xk
)
= gt,sk
1
2
(
∂2gt,pj
∂xi∂xℓ
− ∂
2gt,jℓ
∂xi∂xp
− ∂
2gt,pi
∂xj∂xℓ
+
∂2gt,iℓ
∂xj∂xp
)
gpst
+ quadratic terms in the first derivatives of g.
Taking the derivative with respect to t at t = 0,
d
dt
|t=0Rt,ijkℓ = 1
2
(g˙kj,iℓ − g˙jℓ,ik − g˙ki,jℓ + g˙iℓ,jk).
Now we compute the right hand side in terms of local holomorphic coordinates
z1, · · · , zm. The only terms involved in the integration are g˙iℓ,jk’s and their com-
plex conjugates, and we also have
g˙iℓ = −
√−1gip2
√−1µp
ℓ
= 2µiℓ.
Thus
1
2
g˙iℓ,jk
√−1dzk ∧ dzℓ = µiℓ,jk
√−1dzk ∧ dzℓ.
Hence we get
< Q(µ), u >= 2ℜ
∫
M
u mcm(
√−1
2π
d∇
′
J (∇′Jµ), ω⊗I+
√−1
2π
tΘ, · · · , ω⊗I+
√−1
2π
tΘ).
As in the last part of the previous proof this last term coincides with (16). This
completes the alternate proof.
3. Perturbed extremal Ka¨hler metrics
For a real or complex valued smooth function u on a Ka¨hler manifold (M, g) we
put
grad′u =
m∑
i,j=1
gij
∂u
∂zj
∂
∂zi
and call it the gradient vector field of u. Strictly speaking the real part of grad′u is
the gradient vector field of u, but we identify a real vector field with its T ′M -part.
Definition 3.1. A Ka¨hler metric g = (gij) is said to be a perturbed extremal
Ka¨hler metric if the gradient vector field
grad′S(J, t) =
m∑
i,j=1
gij
∂S(J, t)
∂zj
∂
∂zi
of the perturbed scalar curvature S(J, t) is a holomorphic vector field.
Proposition 3.2. Critical points of the functional
J 7→
∫
M
S(J, t)2ωm
on J are perturbed extremal Ka¨hler metrics.
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Proof. Let J(s) be a smooth family of complex structures such that J(0) = J and
J˙(0) = µ. By the proof of Theorem 2.2
d
ds
∣∣∣∣
s=0
∫
M
u S(J(s), t) ωm = 2mπℜ(∇′′∇′′u, µ)t
for all real smooth function u with
∫
M
uωm = 0. We take u to be v := S(J, t) −∫
M
S(J, t)ωm/
∫
M
ωm and µ to be (−√−1)-times the infinitesimal action of the
Hamiltonian vector field of v at J . Then using the above equality and Lemma 2.3
d
ds
∣∣∣∣
s=0
∫
M
v S(J(s), t) = 2mπℜ(∇′′∇′′u, µ)t.
From this we get
d
ds
∣∣∣∣
s=0
∫
M
S(J(s), t)2 ωm = 2
∫
M
S(J, t)
d
ds
∣∣∣∣
s=0
S(J(s), t)ωm
= 2
∫
M
v
d
ds
∣∣∣∣
s=0
S(J(s), t)ωm
= 4mπℜ(∇′′∇′′u, µ)t.
This shows that J is a critical point if and only if
∇′′grad′S(J, t) = 0,
i.e. the Ka¨hler metric of (M,ω, J) is a perturbed extremal Ka¨hler metric. 
Remark 3.3. In the case of unperturbed extremal Ka¨hler metrics when t = 0,
such Ka¨hler metrics are also the critical points of the functional
ω 7→
∫
M
S(ω)2ωm
on the space of all Ka¨hler forms ω in a fixed Ka¨hler class [ω0] where S(ω) denotes
the scalar curvature of the Ka¨hler form ω, (c.f. [4]). But when t 6= 0 the perturbed
extremal Ka¨hler metrics are not the critical points of the functional
ω 7→
∫
M
S(ω, t)2ωm
on the space of all Ka¨hler forms in a fixed Ka¨hler class where
S(ω, t)
2mπ
ωm = c1(ω) ∧ ωm−1 + t c2(ω) ∧ ωm−2 + · · ·+ tm−1cm(ω)(19)
=
1
t
(det(ω ⊗ I +
√−1
2π
tΘ)− ωm),
cj(ω) being the j-th Chern form with respect to ω:
det(1 + t
√−1
2π
Θ) = 1 + tc1(ω) + · · ·+ tm−1cm(ω).
Note that we use the notation S(ω, t) instead of S(J, t) to emphasize that ω is varied
now.
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Proof of Remark 3.3 Let ω+ δω be a variation of the Ka¨hler form in a fixed Ka¨hler
class. Then δω =
√−1∂∂ϕ for some real smooth function ϕ. By (19) the variation
δS(ω, t) of the perturbed scalar curvature is given by
δS(ω, t)
2mπ
ωm +
S(ω, t)
2mπ
∆ϕωm
=
1
t
(mcm(
√−1∂∂ϕ⊗ I +
√−1
2π
tδΘ, ω ⊗ I +
√−1
2π
tΘ,
· · · , ω ⊗ I +
√−1
2π
tΘ)−∆ϕωm)
= mcm(
√−1
2π
δΘ, ω ⊗ I +
√−1
2π
tΘ, · · · , ω ⊗ I +
√−1
2π
tΘ)
+ mcm(
√−1∂∂ϕ⊗ I,
√−1
2π
Θ, ω ⊗ I +
√−1
2π
tΘ, · · · , ω ⊗ I +
√−1
2π
tΘ)
+ · · ·+ mcm(
√−1∂∂ϕ⊗ I,
√−1
2π
Θ, ω ⊗ I, · · · , ω ⊗ I).
Thus
1
2mπ
δ(S(ω, t)2 ωm) = 2S(ω, t)mcm(
√−1
2π
δΘ, ω ⊗ I +
√−1
2π
tΘ, · · · , ω ⊗ I +
√−1
2π
tΘ)
+ 2S(ω, t)mcm(
√−1∂∂ϕ⊗ I,
√−1
2π
Θ, ω ⊗ I +
√−1
2π
tΘ, · · · , ω ⊗ I +
√−1
2π
tΘ)
+ · · ·+ 2S(ω, t)mcm(
√−1∂∂ϕ⊗ I,
√−1
2π
Θ, ω ⊗ I, · · · , ω ⊗ I)
− 1
2mπ
S(ω, t)2∆ϕωm.
Since δΘ = ∇′′∇′ (ϕij) we have
1
2mπ
δ
∫
M
S(ω, t)2ωm(20)
= 2
∫
M
S(ω, t)mcm(∇ℓ∇k
(
ϕij
) √−1
2π
dzℓ ∧ dzk, ω ⊗ I +
√−1
2π
tΘ,
· · · , ω ⊗ I +
√−1
2π
tΘ)
+ 2
∫
M
S(ω, t) mcm(
√−1∂∂ϕ⊗ I,
√−1
2π
Θ, ω ⊗ I +
√−1
2π
tΘ,
· · · , ω ⊗ I +
√−1
2π
tΘ)
+ · · ·+ 2
∫
M
S(ω, t) mcm(
√−1∂∂ϕ⊗ I,
√−1
2π
Θ, ω ⊗ I, · · · , ω ⊗ I)
− 1
2mπ
∫
m
S(ω, t)2∆ϕωm
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But
∇ℓ∇kϕij = ∇ℓ∇k∇i ϕj(21)
= ∇ℓ∇i∇kϕj −∇ℓ(Rpjki ϕp)
= ∇ℓ∇i∇kϕj − (∇ℓRpjki)ϕp −Rpjki ϕpℓ
= ∇ℓ∇i∇kϕj − (∇pRℓjki)ϕp −Rpjki ϕpℓ
where we used the second Bianchi identity at the last equality. It follows from (20)
and (21) that
1
2mπ
δ
∫
M
S(ω, t)2ωm(22)
= −2
∫
M
S(ω, t)mcm((∇ℓ∇i∇kϕj − ϕp∇pRℓjki −Rpjkiϕpℓ)
√−1
2π
dzk ∧ dzℓ,
ω ⊗ I +
√−1
2π
tΘ, · · · , ω ⊗ I +
√−1
2π
tΘ)
+ 2
∫
M
S(ω, t) mcm(
√−1∂∂ϕ⊗ I,
√−1
2π
Θ,
ω ⊗ I +
√−1
2π
tΘ, · · · , ω ⊗ I +
√−1
2π
tΘ)
+ · · ·+ 2
∫
M
S(ω, t) mcm(
√−1∂∂ϕ⊗ I,
√−1
2π
Θ, ω ⊗ I, · · · , ω ⊗ I)
− 1
2mπ
∫
m
S(ω, t)2∆ϕωm
But
Rℓjk
i
√−1
2π
dzk ∧ dzℓ = Rkℓij
√−1
2π
dzk ∧ dzℓ =
√−1
2π
Θ.
From this and integration by parts
2
∫
M
S(ω, t)mcm(ϕp∇pRℓjki
√−1
2π
dzk ∧ dzℓ, ω ⊗ I +
√−1
2π
tΘ,(23)
· · · , ω ⊗ I +
√−1
2π
tΘ) = − 1
2mπ
∫
M
S(ω, t)2∆ϕ ωm.
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It follows from (22) and (23) that
1
2mπ
δ
∫
M
S(ω, t)2ωm
= −2
∫
M
S(ω, t)mcm((∇ℓ∇i∇kϕj
√−1
2π
dzk ∧ dzℓ,
ω ⊗ I +
√−1
2π
tΘ, · · · , ω ⊗ I +
√−1
2π
tΘ)
+2
∫
M
S(ω, t)mcm(R
p
jk
iϕpℓ
√−1
2π
dzk ∧ dzℓ,(24)
ω ⊗ I +
√−1
2π
tΘ, · · · , ω ⊗ I +
√−1
2π
tΘ)
+ 2
∫
M
S(ω, t) mcm(
√−1∂∂ϕ⊗ I,
√−1
2π
Θ,(25)
ω ⊗ I +
√−1
2π
tΘ, · · · , ω ⊗ I +
√−1
2π
tΘ)
+ · · ·+ 2
∫
M
S(ω, t) mcm(
√−1∂∂ϕ⊗ I,
√−1
2π
Θ, ω ⊗ I, · · · , ω ⊗ I)
− 1
mπ
∫
m
S(ω, t)2∆ϕωm(26)
When t = 0 this is equal to
1
2mπ
δ
∫
M
S2ωm = −2
∫
M
S Dϕωm + 2
∫
M
S
m∑
i,j=1
1
2π
Rijϕ
ijωm(27)
+ 2
∫
M
S
∑
i6=j
ϕii
1
2π
Rjj ω
m − 1
mπ
∫
m
S2∆ϕωm
with D = ∇i∇j∇i∇j where S = S(ω, 0) is the unperturbed scalar curvature and we
used the normal coordinates such that the complex Hessian (ϕij) is diagonalized.
The third term on the right hand side can then be computed using
∑
i6=j
ϕii
1
2π
Rjj = (
m∑
i=1
ϕii)(
m∑
j=1
1
2π
Rjj)− ϕij
1
2π
Rij
= ∆ϕ
1
2mπ
S − ϕij 1
2π
Rij ,
and we see from this and (27) that
1
2mπ
δ
∫
M
S2ωm = −2
∫
M
DS ϕωm.
This proves the fact that the critical points in the unperturbed case are the extremal
Ka¨hler metrics. We have seen that when t = 0, (24) + (25) + (26) vanishes. But
when t 6= 0, this is not the case because we have the term with tm−1 only in (24)
2
∫
M
S(ω, t)mcm(R
p
jk
iϕpℓ
√−1
2π
dzk ∧ dzℓ,
√−1
2π
tΘ, · · · ,
√−1
2π
tΘ),
which does not always vanish. This completes the proof of Remark 3.3.
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4. Ka¨hler metrics of harmonic Chern forms
Let M be a compact Ka¨hler manifold with a fixed Ka¨hler class [ω0] and h(M)
the complex Lie algebra of all holomorphic vector fields. For any ω ∈ [ω0], let ck(ω)
be the k-th Chern form with respect to ω as in Remark 3.3. Let Hck(ω) be the
harmonic part of ck(ω). Here the harmonic projection H is taken with respect to
the Ka¨hler metric ω. Then
ck(ω)−Hck(ω) =
√−1∂∂Fk
for some smooth real (k − 1, k − 1)-form
Fk ∈ Ωk−1,k−1(M).
For a holomorphic vector field X ∈ h(M), define fk : h(M)→ C by
fk(X) =
1
m− k + 1
∫
M
LXFk ∧ ωm−k+1.
Theorem 4.1 (S. Bando [1]). The functional fk on h(M) is independent of the
choice of ω ∈ [ω0], becomes a Lie algebra character and obstructs the existence of
Ka¨hler metrics ω in [ω0] of harmonic k-th Chern form.
In [11] the author gave a larger family of integral invariants including fi’s and
obstructions to asymptotic Chow semi-stability.
Here again as in Remark 3.3 we are fixing J and varying ω, instead of fixing ω
and varying J . So we denote the perturbed scalar curvature by S(ω, t) as in (19).
If X = grad′u = gij ∂u
∂zj
∂
∂zi
with
∫
M
u ωm = 0 then we see using the integration by
parts that
(28)
1
2mπ
∫
M
uS(ω, t) ωm = − f1(X) − t f2(X)− · · · − tm−1fm(X).
We put
Ft(X) := f1(X) + t f2(X) + · · ·+ tm−1fm(X).
and call it total Bando character.
Proposition 4.2. For fixed small t ∈ R, Ft : h(M)→ C is an obstruction to to the
existence of Ka¨hler metric ω ∈ [ω0] of constant perturbed scalar curvature S(ω, t).
If there exists a perturbed extremal Ka¨hler metric and the total Bando character
vanishes, then the perturbed extremal Ka¨hler metric has constant perturbed scalar
curvature.
Proof. If there is a Ka¨hler form ω ∈ [ω0] such that S(ω, t) is constant. Then
the total Bando character has to vanish because of (28) and the normalization∫
M
u ωm = 0. If ω is a perturbed extremal metric then grad′S(ω, t) is a holomorphic
vector field and
Ft(grad
′S(ω, t)) =
1
2mπ
∫
M
gij
∂S(ω, t)
∂zi
∂S(ω, t)
∂zj
ωm.
Thus if Ft vanishes then S(ω, t) is constant. 
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Let σ(t) be the topological invariant
σ(t) =
(c1(M) ∧ [ω0]m−1 + t c2(M)[ω0]m−2 + · · ·+ tm−1cm(M))[M ]
[ω0]m[M ]
.
This is obviously the average of the perturbed scalar curvature (with respect to any
Ka¨hler form ω ∈ [ω0]). For any two Ka¨hler forms ω′ and ω′′ we define
Mt(ω′, ω′′) = −
∫ 1
0
ds
∫
M
∂ϕs
∂s
(S(ωs, t)− σ(t))ωms
where ωs = ω +
√−1∂∂ ϕs, 0 ≤ s ≤ 1, is a smooth path in [ω0] joining ω′ and
ω′′. Bando and Mabuchi ([2]) observed that every coefficient of tk in Mt(ω′, ω′′),
and thus Mt(ω′, ω′′), is independent of the choice of the paths ωs and satisfies the
cocycle conditions. Putting νt(ω) := Mt(ω0, ω), we get a functional on the space
of all Ka¨hler forms in the cohomology class [ω0]. The functional ν0 in the case
when t = 0 is the so-called K-energy or Mabuchi energy. We call νt the perturbed
Mabuchi energy. It is obvious that the critical points of the perturbed Mabuchi
energy are the Ka¨hler metrics of constant perturbed scalar curvature. In the case
when t = 0 Chen and Tian [5] proved that the Mabuchi energy is bounded from
below if there exists a Ka¨hler metric of constant scalar curvature, and that the
infimum of the Mabuchi energy is attained exactly on the space of Ka¨hler metrics
of constant scalar curvature, extending earlier result of Bando and Mabuchi [3] for
Ka¨hler-Einstein manifolds of positive first Chern class. We hope to discuss for the
perturbed case in a later paper.
The proof of the fact that the definition ofMt is independent of the paths follows
from the fact that S(ω, t)ωm gives a closed 1-form on the space of Ka¨hler forms.
The closedness comes from the symmetry between the endomorphism part and the
form part in the definition of S(ω, t)ωm, as was explained between the equation
(9) and Theorem 2.2. The detailed discussion was given in [10] but of course the
original idea goes back to Bando [1].
For the identity component Aut0(M) of the group of all holomorphic automor-
phisms of M , let G denote the maximal linear algebraic subgroup. The maximal
reductive subgroup Kc of G is the complexification of a compact Lie group K.
Taking the average of the Ka¨hler metric by the action of K we may assume that K
acts as isometries. We denote by ω the Ka¨hler form of the averaged Ka¨hler metric.
Then the elements of the Lie algebra of K are Killing vector fields of (M,ω) and
are thus obtained as the real parts of the gradient vector fields of purely imaginary
functions (see e.g. [17]). Therefore as a complex Lie algebra, the Lie algebra kc is
isomorphic to the Lie algebra u spanned over C by some real functions u1, · · · , ud
with the normalization
∫
M
ui ω
m = 0 where the Lie bracket on u is given by the
Poisson bracket
{u, v} = uivi − viui = gij ∂u
∂zj
∂v
∂zi
− gij ∂v
∂zj
∂u
∂zi
.
Proposition 4.3. Let the situation be as above. If we choose ωr = ω+
√−1∂∂ ϕr
so that ϕ0 = 0 and that ϕ˙r|r=0 = u for some real smooth function u in u, then
d
dr
∣∣∣∣
r=0
νt(ωr) = 2mπFt(grad
′u).
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Proof. This is immediate from
νt(ωr) = −
∫ r
0
dq
∫
M
∂ϕq
∂q
(S(ωq, t)− σ(t))ωmq
and
d
dr
∣∣∣∣
r=0
νt(ωr) = −
∫
M
u S(ω, t) ωm
= 2mπFt(grad
′u)
where the last equality follows because u is a normalized Hamiltonian function for
a holomorphic vector field. 
This proposition shows that the perturbed Mabuchi energy is an integral form of
the total Bando character. A way of computing the unperturbed Mabuchi energy
ν0 without using the path integral was given in [14]. It would be interesting if one
can give a formula for νt without using path integral. B. Weinkove [23] related the
degree 1 and 2 terms in t of Mt to Donladson’s functional which was used in the
proof of the existence of Hermitian-Einstein metrics on stable vector bundles [6].
We also remark that the modified Mabuchi energy to treat the extremal metrics
can be also defined in the perturbed case just as defined in [16] and [20]. One can
use the proof given in [15].
The results obtained above may be interesting to compare with a results of X.
Wang [22] (see also [12]) which we summarize below.
Let (Z,Ω) be a Ka¨hler manifold and suppose a compact Lie group K acts on
Z as holomorphic isometries. Then the complexification Kc of K also acts on Z
as biholomorphisms. The actions of K and Kc induce homomorphisms of the Lie
algebras k and kc to the real Lie algebra Γ(TZ) of all smooth vector fields on Z,
both of which we denote by ρ. If ξ + iη ∈ kc with ξ, η ∈ k, then
ρ(ξ + iη) = ρ(ξ) + Jρ(η),
where J is the complex structure of Z. Suppose [Ω] is an integral class and there is
a holomorphic line bundle L→ Z with c1(L) = [Ω]. There is an Hermitian metric
h of L−1 such that its Hermitian connection θ satisfies
− 1
2π
dθ = Ω.
Suppose we have a lifting of Kc to L−1, so that we have a moment map µ : Z →
k∗ because the lifting of K-action to L is equivalent to defining a moment map
(see [8], section 6.5). Let π : L−1 → Z be the projection and π(p) = x with
p ∈ L−1 − zero section, x ∈ Z. Denote by Γ = Kc · x the Kc-orbit of x in Z, and
Γ˜ = Kc ·p be the Kc-orbit of p in L−1. We say that x ∈ Z is polystable with respect
to the Kc-action if the orbit Γ˜ is closed in L−1. Consider the function h : Γ˜ → R
defined by
h(γ) = log |γ|2.
Fundamental facts are
• h has a critical point if and only if the moment map µ : Z → k∗ has a zero
along Γ:
• h is a convex function.
For these facts refer again to [8], section 6.5. These imply the following two propo-
sitions.
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Proposition 4.4. A point x ∈ Z is polystable with respect to the action of Kc if
and only if the moment map µ has a zero along Γ.
Proposition 4.5. The set {x ∈ Γ | µ(x) = 0} has only one component, and the
orbit Stab(x)c ·x of the complexification of the stabilizer at x through x is connected
even if Stab(x)c is not connected.
For a given x ∈ Z we extend µ(x) : k→ R complex linearly to µ(x) : kc → C. For
notational convenience we denote byKx (resp. (K
c)x) the stabilizer of x inK (resp.
Kc), and by kx and (k
c)x the Lie algebra of Kx and (K
c)x. Define fx : (k
c)x → C
to be the restriction of µ(x) : kc → C to (kc)x. Note that (Kc)gx = g(Kc)xg−1.
Proposition 4.6 (Wang [22]). Fix x0 ∈ Z. Then for x ∈ Kc · x0, fx is Kc-
equivariant in that fgx(Y ) = fx(Ad(g
−1)Y ). In particular if fx vanishes at some
x ∈ Kc · x0 it vanishes at all x ∈ Kc · x0. Moreover fx : (kc)x → C is a Lie algebra
character.
For a proof of this proposition, see [22] and also [12]. Suppose now we are
given a K-invariant inner product on k. Then we can identify k ∼= k∗, and k∗ has
a K-invariant inner product. Consider the function φ : Kc · x0 → R defined by
φ(x) = |µ(x)|2. We say that x ∈ Kc · x0 is an extremal point if x is a critical point
of φ.
Proposition 4.7 (Wang [22]). Let x ∈ Kc ·x0 be an extremal point. Then we have
a decomposition
(kc)x = (kx)
c ⊕
∑
λ>0
kcλ
where kcλ is λ-eigenspace of ad(iµ(x)), and iµ(x) lies in the center of (kx)
c. In
particular (kx)
c = (kc)x if and only if µ(x) = 0.
For a proof of this proposition, see [22] and also [12]. Let (M,ω0, J0) be a compact
Ka¨hler manifold with a fixed Ka¨hler form ω0. Apply the above results for finite
dimensional manifold Z to the set J of all ω-compatible integral complex structures
J with respect to which (M,ω0, J) is a Ka¨hler manifold, where the compact Lie
groupK is replaced by the group of symplectomorphisms generated by Hamiltonian
diffeomorphisms. This explains a relationship between stability and various results
about extremal Ka¨hler metrics. For example, Proposition 4.6 explains the total
Bando character and Proposition 4.7 of course explains Calabi’s decomposition
theorem for the Lie algebras of all holomorphic vector fields on compact extremal
Ka¨hler manifolds [4] (see the next section).
5. Deformations of extremal Ka¨hler metrics
Let M be a compact complex manifold carrying a Ka¨hler metric. By a (t-
perturbed) extremal Ka¨hler class we mean a de Rham cohomology class which
contains the Ka¨hler form of a (t-perturbed) extremal Ka¨hler metric. In this section
we prove the following result which extends the results of LeBrun and Simanca [18],
[19].
Theorem 5.1. For an extremal Ka¨hler class [ω0], there exists a neighborhood
U × (−ǫ, ǫ) of ([ω0], t) in H1,1DR(M,R)× R such that all points of U are t-perturbed
extremal Ka¨hler classes for all t ∈ (−ǫ, ǫ).
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The rest of this section is devoted to the proof of this theorem. We first review
well known facts on Hamiltonian holomorphic vector fields on compact Ka¨hler man-
ifolds. Let (M, g) be a compact Ka¨hler manifold. We define a fourth-order elliptic
differential operator Lg : C
∞
C
(M)→ C∞
C
(M) by
Lg u = ∇′′∗∇′′∗∇′′∇′′ u,
where C∞
C
(M) denotes the set of all complex valued smooth functions on M . More
precisely
Lg u = ∇j∇i∇j∇i u
= ∆2u+Rji∇j∇i u+∇jS∇ju
where S denotes the unperturbed scalar curvature. Then the kernel of Lg consists
of all smooth functions u whose gradient vector fields
grad′u := gij∇ju
∂
∂zi
are holomorphic vector fields. It is well known that such holomorphic vector fields
are exactly those which have zeros (see [18] for a comprehensive proof). Since
constant functions correspond to the zero vector field, we only consider the subspace
(kerLg)0 consisting of all functions u ∈ kerLg which are orthogonal to constant
functions: ∫
M
uωmg = 0.
Now we study the behavior of u ∈ (kerLg)0 when the Ka¨hler metric g varies in the
same Ka¨hler class. The following lemma was used in [13], pp.208-209, but we will
reproduce a proof here for the reader’s convenience.
Lemma 5.2. Let g˜ij = gij +∇i∇j ϕ be a Ka¨hler metric in the same Ka¨hler class
as gij. If u ∈ (kerLg˜)0, then u˜ := u+∇iu∇iϕ ∈ (kerLg˜)0 and gradg˜u˜ = gradg u.
Proof. We first show the last equation.
gradg˜ u˜ = g˜
ij ∂u˜
∂zj
∂
∂zi
= g˜ij (
∂u
∂zj
+∇ku∇k∇jϕ)
∂
∂zi
= g˜ij ∇ku (gkj +∇k∇jϕ)
∂
∂zi
= ∇iu ∂
∂zi
= gradgu.
It remains to see ∫
M
u˜ ωmg˜ = 0.
Let gtij = gij + t∇i∇j ϕ be the line segment of Ka¨hler metrics between g and g˜,
and ut = u+ t∇iu∇iϕ be the corresponding functions in (kerLg˜)0. It is sufficient
to prove
d
dt
∫
M
ut ω
m
gt
= 0.
It is also sufficient to prove this at t = 0. But
d
dt
∣∣∣∣
t=0
∫
M
ut ω
m
gt
=
∫
M
(∇iu∇iϕ+ u(∆ϕ))ωmg = 0,
where ∆ = ∇i∇i u denotes the complex Laplacian. This completes the proof. 
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Now let K be the identity component of the isometry group of (M, g), and k be
its Lie algebra. Hence k consists of all Killing vector fields. On a compact Ka¨hler
manifold k can be embedded into the complex Lie algebra h(M) of all holomorphic
vector fields on M by X ∈ k 7→ 12 (X −
√−1JX) ∈ h(M). By this k is often
identified with the image in h(M) of this embedding. As was explained in the
previous section when a holomorphic vector field X is written as a gradient vector
field of a complex valued smooth function, X is a Killing vector field if and only if
the function is a purely imaginary valued function. We choose real valued smooth
functions u1, · · · , ud so that the gradient vector fields of iu1, · · · , iud form a
basis of k⊗C. We also assume that 1, u1, · · · , ud form an L2-orthonormal system
(under the normalization
∫
M
uiω
m = 0). Let us denote by Jg the linear span over
C of 1, u1, · · · , ud.
Remark 5.3. Since the imaginary part of grad′ uj is a Killing vector field,
(grad′ uj)ϕ is a real function for a K-invariant real function ϕ.
Remark 5.4. If g˜ij = gij +∇i∇j ϕ is a K-invariant Ka¨hler metric in the same
Ka¨hler class as g, then the corresponding basis of Jg˜ consisting of real functions are
1, u˜1 = u1 + (grad
′ u1)ϕ., · · · , u˜d = ud + (grad′ ud)ϕ.
It is easy to see that they form an L2-orthonormal system with respect to g˜ (see
[13], Appendix 2).
Since we assume that there is an extremal Ka¨hler metric, the Lie algebra h(M)
has the following structure by a theorem of Calabi [4]. Namely there is a decom-
position
h(M) = h0 +
∑
λ6=0
hλ,
where hλ is a λ-eigenspace of the adjoint action of the extremal vector field
ad(grad′ S) : h(M)→ h(M),
and further h0 is the complexification of the Lie algebra k consisting of all Killing
vector fields on (M, g). In particular, it turns out that grad′ S lies in the center
of h0. that [hλ, hµ] ⊂ hλ+µ, and that h0 is a maximal reductive Lie subalgebra of
h(M).
Now we consider the set of all Ka¨hler metrics invariant under the identity com-
ponent of the isometry group K of (M, g) of the form
ω(α, ϕ) = ω + α+
√−1∂∂ϕ
where α is a K-invariant real harmonic (1, 1)-form on (M, g) and ϕ is a K-invariant
real-valued L2k+4-function. Hence the space of such K-invariant Ka¨hler metrics is
identified with an open subset of H1,1(M ;R) × L2k+4,K where H1,1(M ;R) denotes
the vector space of all real harmonic (1, 1)-forms on M and L2k+4,K is the vec-
tor space of all real valued K-invariant L2k+4 functions on M . Let Ik+4 be the
orthogonal complement to the subspace spanned by 1, u1, · · · , ud in L2k+4,K .
Let g˜ be the Ka¨hler metric corresponding to ω(α, ϕ). Then we obtain, as in
Remark 5.4, L2k+3-functions (1, u˜1, · · · , u˜d) whose gradient vector fields span the
Lie algebra k. Let J˜k+3 be the linear span of (1, u˜1, · · · , u˜d). We put u˜0 = 1. Then
for a sufficiently small neighborhood U of g in H1,1(M ;R)× L2k+4,K , we have
det(ui, u˜j)L2 6= 0
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for all g˜ ∈ U . Then it is easy to see
ker(1−Πg)(1 −Πg˜) = ker(1 −Πg˜)
where Πg and Πg˜ are respectively the L
2 projections of L2k,K onto Jk+3 ⊂ L2k,K
and onto J˜k+3 ⊂ L2k,K :
Πg : L
2
k,K → L2k,K , Πg(f) =
d∑
i=0
(f, ui)ui,
Πg˜ : L
2
k,K → L2k,K , Πg˜(f) =
d∑
i=0
(f, u˜i)u˜i.
Put V := U ∩ (H1,1(M ;R)× Ik+4), and take a neighborhood W of the origin in
V ×R such that for every point (g˜, t) in W (identifying V with the space of Ka¨hler
metrics) the inner product (9) makes sense so that one can consider t-perturbed
scalar curvature. Consider the map S :W → Ik defined by
S(g˜, t) = (1−Πg)(1 −Πg˜)S(g˜, t).
Note that S(g, 0) = 0 and that S−1(0) is the set of all perturbed extremal Ka¨hler
metrics in W . To complete the proof of Theorem 5.1, it is sufficient to show, by
the implicit function theorem, that the partial derivative
DS(g,0) : Ik+4 → Ik
at (g, 0) in the direction of Ik+4 is an isomorphism. In the direction of ψ ∈ Ik+4,
the derivative of the scalar curvature is
(DS)g(ψ) = −∆2ψ −Rji∇j∇i ψ,
and the derivative of the projection Π is
(DΠ)(S(g))g(ψ) =
d
dt
∣∣∣∣
t=0
(S +∇iS t∇iψ)
= ∇iS∇iψ = ∇iS∇iψ,
where the last equality follows from Remark 5.3. Combining these two equations,
we obtain
(DS)g(ψ) = (1−Πg)(−∆2ψ −Rji∇j∇iψ −∇jS∇jψ)
= (1−Πg)(−Lgψ)
If (1 − Πg)(Lgψ) = 0, then Lgψ ∈ Jg. But since Lg is self-adjoint, (ImageLg)⊥ =
kerLg and hence Lgψ = 0. Since ψ ∈ Ik+4, this implies ψ = 0. Thus (DS)(g,0)
is injective, which also implies that (DS)(g,0) is surjective since (DS)(g,0) is self-
adjoint. This completes the proof.
References
[1] S. Bando : An obstruction for Chern class forms to be harmonic, to appear in Kodai Math.
J.
[2] S. Bando and T. Mabuchi : On some integral invariants on complex manifolds. I, Proc. Japan
Acad., Ser. A, 62(1986), 197-200.
[3] S. Bando and T. Mabuchi : Uniqueness of Einstein Ka¨hler metrics modulo connected group
actions, Algebraic Geometry, Sendai 1985, Adv. Stud. Pure Math., vol 10, Noth-Holland,
Amsterdam and Kinokuniya, Tokyo, (1987)
19
[4] E. Calabi : Extremal Ka¨hler metrics II, Differential geometry and complex analysis, (I. Chavel
and H.M. Farkas eds.), 95-114, Springer-Verlag, Berline-Heidelberg-New York, (1985)
[5] X.X. Chen and G. Tian : Geometry of Ka¨hler metrics and holomorphic foliations by discs,
math.DG/0409433.
[6] S.K. Donaldson : Anti self-dual Yang-Mills connections over complex algebraic surfaces and
stable vector bundles, Proc. London Math. Soc. (3), 50 (1985), 1-26.
[7] S.K. Donaldson : Remarks on gauge theory, complex geometry and four-manifold topology,
in ’Fields Medallists Lectures’ (Atiyah, Iagolnitzer eds.), World Scientific, 1997, 384-403.
[8] S.K. Donaldson and P.B. Kronheimer : The geometry of four manifolds, Oxford Mathematical
Monographs, Claren Press, Oxford, 1990.
[9] A. Fujiki : Moduli space of polarized algebraic manifolds and Ka¨hler metrics, Sugaku Expo-
sitions, 5(1992), 173-191.
[10] A. Futaki : Ka¨hler-Einstein metrics and integral invariants, Lecture Notes in Math., vol.1314,
Springer-Verlag, Berline-Heidelberg-New York,(1988)
[11] A. Futaki : Asymptotic Chow stability and integral invariants, Intern. J. Math., 15, 967-979,
(2004).
[12] A. Futaki : Stability, integral invariants and canonical Ka¨hler metrics, Proc. Differential
Geometry and its Applications, 2004, Prague, 45-58 (2005).
[13] A. Futaki and T. Mabuchi : Bilinear forms and extremal Ka¨hler vector fields associated with
Ka¨hler classes, Math. Ann., 301, 199–210 (1995).
[14] A. Futaki and Y. Nakagawa : Characters of automorphism groups associated with Ka¨hler
classes and functionals with cocycle conditions, Kodai Math. J., 24(2001), 1-14.
[15] D. Guan : On modified Mabuchi functional and Mabuchi moduli space of Ka¨hler metrics on
toric bundles, Math. Res. Lett. 6 (1999), no. 5-6, 547–555.
[16] D. Guan and X.X. Chen : Existence of extremal metrics on almost homogeneous manifolds
of cohomogeneity one, Asian J. Math. 4 (2000), no. 4, 817–829.
[17] S. Kobayashi, Transformation groups in differential geometry, Springer Verlag, Berlin-
Heidelberg-New York, 1972.
[18] C. LeBrun and R.S. Simanca : Extremal Ka¨hler metrics and complex deformation theory,
Geom. Func. Analysis 4 (1994) 298–336
[19] C. LeBrun and R.S. Simanca : On the Ka¨hler class of extremal metrics, in Geometry and
Global Analysis, Kotake, Nishikawa and Schoen, eds. pp. 255–271, Tohoku University, 1994.
[20] S.R. Simanca : A K-energy characterization of extremal Ka¨hler metrics, Proc. Amer. Math.
Soc., 128 (2000), pp. 1531-1535.
[21] G. Tian : Canonical Metrics in Ka¨hler Geometry, Lecture Notes in Math., ETH Zu¨rich,
Birkha¨user-Verlag, Basel-Boston-Berlin.
[22] X. Wang : Moment maps, Futaki invariant and stability of projective manifolds, Comm.
Anal. Geom. 12 (2004), no. 5, 1009–1037.
[23] B. Weinkove : Higher K-energy functionals and higher Futaki invariants,
arXive:math.DG 0204271
Department of Mathematics, Tokyo Institute of Technology, 2-12-1, O-okayama,
Meguro, Tokyo 152-8551, Japan
E-mail address: futaki@math.titech.ac.jp
20
